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Abstract 
In the paper is presented the fourth main boundary value problem of Dynamics of Thermo-

resiliency‟s Momentum theory. The problem states to find in the cylinder 𝐷𝑙  the regular solution of 
the system: 

𝑀 𝜕𝑥 𝒰 − 𝜈𝜒𝜃 − 𝜒0 𝜕2𝒰

𝜕𝑡2 = ℋ,   ∆𝜃 −
1

𝜗

𝜕𝜃

𝜕𝑡
− 𝜂

𝜕

𝜕𝑡
 𝑑𝑖𝑣 𝑢 = ℋ7, 

which satisfies the initial conditions: 

∀𝑥 ∈ 𝐷: lim𝑡→0 𝑈 𝑥, 𝑡 = 𝜑 0  𝑥 , lim𝑡→0 𝜃 𝑥, 𝑡 = 𝜑7
 0  𝑥 ,   lim

𝑡→0

𝜕𝒰 𝑥 ,𝑡 

𝜕𝑡
= 𝜑 1  𝑥   

and the boundary conditions: 

∀ 𝑥, 𝑡 ∈ 𝑆𝑙 : lim
𝐷∋𝑥→𝑦∈𝑆

𝑃𝑈 = 𝑓,   lim
𝐷∋𝑥→𝑦∈𝑆

 𝜃 𝑆
±=𝑓7. 

The uniqueness theorem of the solution is proved for this problem.  
Keywords: the main boundary value problem; initial conditions; boundary conditions; the 

uniqueness theorem of the solution. 
 

Introduction 
Let 𝐷 be a finite or infinite three-dimensional space with the compact boundary 𝑆 from the 

class Λ2(𝛼), (𝛼 > 0). 
Denote by 𝐷𝑙  and 𝑆𝑙  cylinders 𝐷𝑙 = 𝐷 × 𝑙, 𝑆𝑙 = 𝑆 × 𝑙, respectively, where 𝑙 =  0, ∞ .  
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In the problems of Dynamics of Thermo-resiliency‟s Momentum theory any point of 
environment is characterized by seven quantities: a movement vector -𝑢 = (𝑢1 , 𝑢2 , 𝑢3), a rotation 
vector - 𝜔 = (𝜔1, 𝜔2 , 𝜔3) and a temperature deviation - 𝜃. 

The main equations of the Thermo-resiliency‟s Momentum theory can be written in a matrix 
form as follows [1], [2]: 

𝑀 𝜕𝑥 𝒰 − 𝜈𝜒𝜃 − 𝜒0 𝜕2𝒰

𝜕𝑡2 = ℋ,   ∆𝜃 −
1

𝜗

𝜕𝜃

𝜕𝑡
− 𝜂

𝜕

𝜕𝑡
 𝑑𝑖𝑣 𝑢 = ℋ7,        (1) 

where  𝑀 𝜕𝑥  is a matrix differential operator of the Momentum Resilience theory [3] and 𝜒 =

 𝜕𝑥1
, 𝜕𝑥2

, 𝜕𝑥3
, 0, 0, 0 , 𝜒0 =  𝜒𝑖𝑗

0  
6×6

, 𝜒𝑖𝑖
0 = 𝜌 for 𝑖 = 1, 2, 3,  𝜒𝑖𝑖

0 = 𝜁 for 𝑖 = 4, 5, 6, 𝜒𝑖𝑗
0 = 0 for 𝑖 ≠ 𝑗, 

ℋ =  −𝜌𝐹, −𝜌 𝒴 , ℋ7 = −
1

𝜗
 𝑄 , 𝒰 = (𝑢, 𝜔). 

Let 𝜑(𝑖) = ( (𝑖)𝜑
1 , (𝑖)𝜑

2 ) for 𝑖 = 0, 1, where (𝑖)𝜑
𝑘 = (𝜑1

𝑘 𝑖 , 𝜑2

𝑘 𝑖 , 𝜑3

𝑘 𝑖 ) for 𝑘 = 1, 2 and 𝜑7
(𝑖)

 for 𝑖 = 0, 1 be 

functions given in the area  𝐷 , while 𝑓 = (𝑓 1 , 𝑓 2 ), 𝑓 𝑖 = (𝑓1
 𝑖 

, 𝑓2
 𝑖 

, 𝑓3
 𝑖 

) for 𝑖 = 1, 2  and  𝑓7 are 

functions given on 𝑆𝑙 . 

 
Definition 
Vector-function 𝑈 =  𝑢, 𝜔, 𝜃  is called as regular in the area 𝐷𝑙

+ if 𝑈 ∈ 𝐶1 𝐷 𝑙
+ ∩ 𝐶2 𝐷𝑙

+  for 
∀𝑡 ∈ 𝑙 and 𝐵(𝜕𝑥, 𝜕𝑡)U is integrable in the area 𝐷+. 

Analogously, vector-function  𝑈 =  𝑢, 𝜔, 𝜃  is called as regular in the area 𝐷𝑙
− if 𝑈 ∈ 𝐶1 𝐷 𝑙

− ∩
𝐶2 𝐷𝑙

−  for ∀𝑡 ∈ 𝑙 and 𝐵(𝜕𝑥, 𝜕𝑡)U is integrable in the area 𝐷− ∩ ℳ(0, 𝛿) for any number 𝛿 > 0 and  

 𝑈 𝑥, 𝜏  ≤
𝑐(𝑡)

1+ 𝑥 2,  
𝜕𝑈 𝑥 ,𝜏 

𝜕𝑡
 ≤

𝑐(𝑡)

1+ 𝑥 2,  
𝜕𝑈 𝑥 ,𝜏 

𝜕𝑥𝑖
 ≤

𝑐(𝑡)

1+ 𝑥 2,            (2) 

where 𝐵(𝜕𝑥, 𝜕𝑡) is an operator standing on the left side of the system (1) and is written in the form 
of a matrix differential operator. 
 In the paper is studied the following problem of Dynamics of Thermo-resiliency‟s 
Momentum theory: to find in the cylinder 𝐷𝑙  the regular solution of the system (1) which satisfies 
the initial conditions: 

∀𝑥 ∈ 𝐷: lim𝑡→0 𝑈 𝑥, 𝑡 = 𝜑 0  𝑥 , lim𝑡→0 𝜃 𝑥, 𝑡 = 𝜑7
 0  𝑥 ,   lim

𝑡→0

𝜕𝒰 𝑥 ,𝑡 

𝜕𝑡
= 𝜑 1  𝑥   

and the boundary conditions: 

∀ 𝑥, 𝑡 ∈ 𝑆𝑙 : lim
𝐷∋𝑥→𝑦∈𝑆

𝑃𝑈 = 𝑓,   lim
𝐷∋𝑥→𝑦∈𝑆

 𝜃 𝑆
±=𝑓7. 

Here, 𝑃 = 𝑃 𝜕𝑥, 𝑛  is an operator of thermo-momentary voltage: 
𝑃 𝜕𝑥, 𝑛 𝑈 = 𝑇 𝜕𝑥, 𝑛 𝒰 − 𝜈𝑒𝜃, 

where 𝑇 𝜕𝑥, 𝑛  is an operator of momentary voltage [3], 𝑒 =  𝑛1 , 𝑛2 , 𝑛3 , 0, 0, 0 , 𝒰 = (𝑢, 𝜔) and 
n 𝑛1 , 𝑛2 , 𝑛3  is a normal of the surface 𝑆. 
  

The main result 
The following uniqueness theorem is true: 

Theorem. In the cylinder 𝐷𝑙
± the regular solution of the homogenous problem, 

corresponding to the above stated problem, is identical to 0.  
The proof of the theorem. Let 𝑈 =  𝒰, 𝜃  be a regular solution in 𝐷𝑙

+ of the homogenous 
equation corresponding to (1). Then, the following formula is true: 

𝜕

𝜕𝑡
  

1

2
  𝜒𝑖𝑖

0  
𝜕𝒰𝑖

𝜕𝑡
 

2

+
1

2
𝐸 𝒰, 𝒰 +

𝜈

2𝜗𝜂

6

𝑖=1

 𝜃 2 𝑑𝑥 +

𝐷+

 

+
𝜈

𝜂
  𝑔𝑟𝑎𝑑 𝜃 2𝑑𝑥 =   

𝜕𝒰

𝜕𝑡
𝑃𝑈 −

𝜈

𝜂
𝜃

𝜕𝜃

𝜕𝑛
 

𝑆𝐷+ 𝑑𝑆,                          (3) 

where  𝐸 𝒰, 𝒰  is a positively defined form [3]. 
For the regular solution of the homogenous problem in 𝐷𝑙

+ the right side of (3) is equal to 0. 
Hence, the left side of it is also equal to 0, from which follows that 𝒰 = 0, 𝜃 = 0. So, 𝑈 = 0. 

Now, let 𝑈 =  𝒰, 𝜃  be a regular solution of the homogenous problem in 𝐷𝑙
−, corresponding to 

the system (1). We can write (3) for 𝐷− ∩ ℳ(0, 𝑧) as follows: 
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𝜕

𝜕𝑡
  

1

2
  𝜒𝑖𝑖

0  
𝜕𝒰𝑖

𝜕𝑡
 

2

+
1

2
𝐸 𝒰, 𝒰 +

𝜈

2𝜗𝜂

6

𝑖=1

 𝜃 2 𝑑𝑥 +

𝐷−∩ℳ(0,𝑧)

 

+
𝜈

𝜂
  𝑔𝑟𝑎𝑑 𝜃 2𝑑𝑥 =   

𝜕𝒰

𝜕𝑡
𝑃𝑈 +

𝜈

𝜂
𝜃

𝜕𝜃

𝜕𝑛
 

𝐶 0,𝑧 𝐷−∩ℳ 0,𝑧 

𝑑𝑆, 

where 𝑧 is a sufficiently large number. 
 Considering the conditions (2) and taking the limit of the above equation as 𝑧 → ∞, we get 
that 

𝜕

𝜕𝑡
  

1

2
  𝜒𝑖𝑖

0  
𝜕𝒰𝑖

𝜕𝑡
 

2

+
1

2
𝐸 𝒰, 𝒰 +

𝜈

2𝜗𝜂

6

𝑖=1

 𝜃 2 𝑑𝑥 +

𝐷−

𝜈

𝜂
  𝑔𝑟𝑎𝑑 𝜃 2𝑑𝑥 =

𝐷−

0, 

from which, using the homogeneity of the initial conditions, we have:  
𝑈 = 0. 

Thus, the theorem is proved. 
 

Conclusion 
The main task was to prove the uniqueness theorem of the solution of the fourth main 

boundary value problem of Dynamics of Thermo-resiliency‟s Momentum theory. In the cylinder 𝐷𝑙  
was found the regular solution of the system: 

𝑀 𝜕𝑥 𝒰 − 𝜈𝜒𝜃 − 𝜒0 𝜕2𝒰

𝜕𝑡2 = ℋ,   ∆𝜃 −
1

𝜗

𝜕𝜃

𝜕𝑡
− 𝜂

𝜕

𝜕𝑡
 𝑑𝑖𝑣 𝑢 = ℋ7, 

which satisfies the following initial and boundary conditions: 

∀𝑥 ∈ 𝐷: lim𝑡→0 𝑈 𝑥, 𝑡 = 𝜑 0  𝑥 , lim𝑡→0 𝜃 𝑥, 𝑡 = 𝜑7
 0 

 𝑥 ,   lim
𝑡→0

𝜕𝒰 𝑥 ,𝑡 

𝜕𝑡
= 𝜑 1  𝑥 ;  

∀ 𝑥, 𝑡 ∈ 𝑆𝑙 : lim
𝐷∋𝑥→𝑦∈𝑆

𝑃𝑈 = 𝑓,   lim
𝐷∋𝑥→𝑦∈𝑆

 𝜃 𝑆
±=𝑓7. 
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